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ON THE PROBLEM OF A THREE-DIMENSIONAL CRACK
IN AN ANISOTROPIC ELASTIC MEDIUM®

S.K. KANAUN

A three-dimensional problem of elasticity theory for a homogeneous and anisotropic
medium containing an isolated crack is considered. As a result of using a known
analogy between a crack and a Somigliana dislocation, the problem is reduced to the
solution of an elliptic pseudo-differential equation in the density of the disloca-
tion moments simulating the crack. The properties of the operator in this equation
are investigated. A regular representation of this operator is obtained in the
class of sufficiently smooth functions. The possibility of applying the proposed
regularization to a numerical solution of the problem is discussed. The structure
of the tensor stress intensity factor on the smooth outline of an arbitrary crack in
an anisotropic medium is analyzed.

1. Dislocation model of a crack. Let us consider an infinite homogeneous and aniso-
tropic elastic medium in which there is a slit on a smooth bounded surface Q (a three-dimen-
sional crack). We shall consider the external stress field 0, (#) (the strain gy (z)) to be
realized by loads applied at infinity, and the edges of the crack to be free of external loads

(x (x1, 5. 23) 1s a point of the medium).

If the edges of the crack are not joined during loading of the medium, then the boundary

condition on & has the form

ng (@) o (z) = 0, 2= Q (1.1)

where n{(z) is the normal to the surface Q and o (r) is the stress tensor.

In cases when the crack edges make contact, the boundary conditions on Q will be more
complex, depending on the nature of the edge interaction.

The displacement vector wu(x), which is a continuous function in all space, with the ex-
ception of the surface &, corresponds to the solution of this problem. On passing through

Q the function u (z) varies by a jump since the crack edges in the field o, (z) are displaced.
(For external fields in which the relative displacement in the crack edges is lacking,
the problem has the trivial solution ¢ (z) = 0, {x)).

Let us also note that in the absence of mass forces the stress tensor o (z) in a medium
with a crack will satisfy the equation divo () = 0 in the whole space including the surface
Q also.

The presence of a finite jump in the displacement field u (z) on Qas well as the ment-
ioned property of the stress tensor permit interpreting the crack as a Somigliana dislocation
induced by the external field /1,2/. As is known, the latter is a slit in an elastic medium
whose edges are displaced by a given vector b (z). The cavities being formed here fill the
material of the initial medium (or remove the excess material), execute juncture of all the
surfaces making contact, and then remove the forces which displaced the slit edges. In the
case of a crack, the vector b (z) is not known in advance and should be selected so that the
total stress tensor (external and internal) would satisfy the given boundary conditions on the
edges of the slit.

Let us examine the fundamental corollaries of the analogy mentioned. The singular density
of the dislocation moments m(z) which corresponds to a Somigliana dislocation, has the form
/3/

Map () = ng (2)bg ()8 () (1.2)

Here &8 () is a delta function concentrated on the surface Q and b (zx) = u* (z) — w” (z) is the
jump in the displacement vector on € which agrees in the case of a crack with the vector of
its opening, the plus sign denotes the limit value of the vector u on Q from the normal side,
and the minus sign from the opposite side.

The stress field in a medium with a crack can now be represented in the form of a sum of
the external field o0, (z) and the internal stresses due to the dislocation moments of the
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Problem of a three-dimensional crack in an elastic medium 263

density (1.2). The strain tensor s (z} alsc allows of an analogous representation. Using the
results of the continuum theory of dislocations /3/, we have

o0 () = 20a () + § U2 (2 — ') my () b, () A (1.3)

0P (2) = 03% () + { S20 (r — 2’y my (') b () A (1.4)
2@

The kernel U (z) of the integral operator in (1.3) is expressed in terms of the Green's
tensor for the displacement G (t) of the initial (homogeneous) medium with the elastic modulus
tensor by the formula ¢

UM (2) == — [Vo ¥, Gpyc® ] 5, (1.5)

where ¥V, the gradient operator in R®, is a three-dimensional Euclidean space and the
parentheses denote symmetrization in the corresponding subscripts.

In turn, the kernel § (#)} of the integral operator in {(1.4) is expressed in terms of the
Green's tensor for the internal stresses Z (¥) of the initial medium (¢*¥ is the Levi-Civitta
symbol)

SN (39 == rot b pot PZOPP(z),  rota == p¥MBY,, (1.6}

It can be shown /3/ that the tensors U and § are connected by the relationship (8 (z) is
the Dirac delta function)

OB (@) = canpUZ;r’)‘ (x) — coBMG (z) (1.7)

Let us note that the tensor & defined by the relationship (1.3) equals the sum of the
elastic ¢l and "plastic" mp components, where ¢ and m have the form {1.4) and (1.2),
respectively.

The Green's tensor for the displacement G (z) satisfies the equation

Vet Gy {2) = — 8,88 () (1.8

where §3* is the Kronecker symbol, and the Green's tensor for the internal stresses 7 {2} sat-
isfies the system of second order partial differential equations presented in /3/. The explicit
expressions for G (z) and Z (x) are known only in particular cases for symmetry of the medium
/4/. In the general case G{z) and Z (g} are even homogeneous functions of degree -—1{. It
then follows from (1.5) and (1.6) that U (z) and & (z) are even homogeneous generalized func-
tions of degree —3.

Let us note that it is possible to arrive at relationships of the form (1.3) and (1.4) by
representing the solution of the elastic problem u () in the form of a sum of the vector pot-
ential of the external field w (x) and the potential of a double layer with the density & ()
lumped in €@ (see /5/, for instance). The expression for e(z) will hence agree with (1.3),
and the expression for o(z) with (1.4) if the first term in the right side of (1.7) is taken
as the kernel §{z). The stress field obtained in such a manner will differ from o(z) in the
form (1.4)only by the singular component — cam‘n" (z)}by (28 (@), lumped on the crack surface Q.

The mentioned difference is due to the fact that in selecting the solution in the form
of a double layer potential, the crack is not modeled by dislocation but by force singularit-
ies, by a certain distribution of force dipoles in Q /6/. The appropriate field o¢{z) hence
contains a singular component lumped in Q and satisfies the equation

Voo (@) = Vg (2), ¢*F(2) = "Pn, (2) by (2) 8 (D)

where ¢(z) is the singular moment density of the force dipoles modeling the crack.

Let us note that the tensor o(z) of the form (1.4) satisfies the equation dive(z)= 0 in
all space, as follows from the representation (1.6), If © is a Liapunov surface, and the
denisty b(z) is twice differentiable on @, then the vector of the forces @)= ng () B (2) ,
corresponding to the stresses (1.4), will be a continuous bounded function in all space with
the exception, perhaps, of the contour I', the boundary of @ /1,2/. (Here =#{z} is under-
stood to be an arbitrary smooth continuation of the field of the normal given on €, in R®).

Let us now write the equation for the vector field & (z) on . From the relationship
(1.4) and the boundary condition {l1.1) we have

(T*bg) (@) = § TP (2, 2) by (2) A =g (2) 03P (2), 2 =0 (1.9)
@2
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2 L Y 2] —_— !
T8 (x, z') ny, (z) S¥Be (z — 2%y ny () (1.10)
The stresses and strains in a medium with a crack are reproduced uniquely from the relation-
ships (1.3) and (1.4) in the vector field b (2).

Let us note that the operator T in (1.9) can be written in the form of an integral
operator with the kernel T (r,2"} only provisionally since the corresponding integral diverges
formally for z&Q for arbitrarily smooth b () (T (z, 2) ~ Ja— 2" [ as 2’ — z).

Let us turn to an investigation of the properties of the operator T and the construction
of the regularization formula for the integral in (1.9),

2. The generalized function 7 (z). We start with the case when © is a plane in R?
with the equation 3 = 0 (21,2, 23 are Cartesian coordinates in R%, and b (2, #,) is a function
of the class S (R})in Q /7/, Here n = const and the kernel T (z, 2') in (1.9) depends only on
the difference of the arguments & — z’. Therefore, T is the convolution operator with the
generalized function 7 ({z) acting on the fundamental functions from S (R2).

Let us note that the function T (1) = T (z,, z,) is generated by the generalized function
S (21, 2, ;) defined by the relationship (1.6) ({or (1.7)) and acting on thefundamental functions
in R3, From (1.10} we have

ToB (g, ) = — 89288 (2., 25, X3} |uemo (2.1

It hence follows that the Fourier transform of the function 7T {(z;, Zy) has the form

~x

T (s o) = — g\ 8™ (hu, b g) (2.2)

—ce

Here and below, the Fourier transform of a function has the argument %k and its z-representa-
tion the argument z.
Prom (1.7), (1.5) and (1.8) we have

SaBAR (R, kg, kg) = R, Gr (y, Ky Kg) Teget™h — B (2.3
G (R) = L (k). LB (ky, ky, ky) = Pk,

By using these relationships it can be established that the integral in (2.2) converges absol-
utely and defines the even homogeneous function T (k) of the first degree in k (&, &,).

The action of the generalized function 7 (z) on any fundamental function ¢ (2)e< § (R
can now be determined by the relationship

2

o

s 1 (2.4)
(T, ¢)y= ‘\S T (a1, 79) @ (21y o) day day = Phe

| s

§ T (hy, ko) @ (ko) diey diy

which follows from the Parseval formula. The last integral converges absolutely.

Let us obtain a regularized expression for (7, ¢) by using the formal expression of the
generalized function T (z) in z-space. We note first that T (k) can always be represented
in the form

Tob (k) = — QP (k) kakey, QM (k) = — TR (B> B | k%, &, po =1, 2 (2.5)

where & = k{k,, k;), and Q@ (k) is an even homogeneous function of degree —1. Therefore,
there exists a @ (x), an even homogeneous function of deqgree -—1. This function is integrable
at zero and because of (2.5) is related to T ()} by means of the relationship

ToB 2y, @p) = VAV, QoPM (xy, z), A, p=1,2 (2.6)

We use a scheme that is proposed /8/ for the construction of the regularization of gener-
alized functions of the type of derivatives of homogeneous regular functionals. Let o be a
domain in R? with a smooth boundaryy, for which the point z = 0 where the function T (z) is not
integrable, is an interior point, while ® is the complement of ® in all space.

By definition of the derivative of a generalized function, we have for any fundamental

¢ (z) {subscripts have been omitted for simplicity)

(VVQ. @)= — (V).¥g) = — ( VO (x) Vo (o) da #S TG () IV (1) — Ve (0)] dor — (§, (Hayv (2)dyVe (0)
s @ »?

It is taken into account here that V{Q(z) is a homogeneous function of degree -—2 in
R?, and the representation presented in /8/ is used for its regularization,V (z) is the external
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normal to the contour %,V is the gradient in R
Now, transferring the derivative in the first integral into V@, we obtain by taking
account of (2.6)

<T,q>}=§ T @) —9Ods— [ V0@ Vo)~ FoOldr +

VO () [p () — @ (O) v ( )J‘—Q)("T)V(ﬂf)d\’“?(u)

*‘*@ﬁ

Let w be a circular domain of radius ¢p. If p— 0, then the second integral in this
relationship will vanish since @ (z) ~ |z [}, the contour integrals over y vanish because of
the evenness of ( {x), and the first integral tends to an integral in the Cauchy principal
value sense and exists because of the definiteness of (7, ¢). Therefore, the regularization
of the generalized function T (z) takes the form

P S AL Ton o o SR
\h‘&l'“ﬂlwiww P v,

(2.7}
where the bar denotes an integral in the Cauchy principal value sense, and integration here
is over the whole plane R?2,

Let us note that the scheme elucidated is extended to the case of a space of any dimen-
sionality n> 1, and the regularization of (2.7} holds for every homogeneous generalized
function in R", whose Fourier transform is an even homogeneous function of degree 1.

3. Regular representation of the operator T by functions from (=~ (Q).
As before, let Q be the plane x; = 0. The convolution operator with the generalized fun-
ction T () in (1.9) can be determined in functions from § (R®) by means of the formula

(T6) (22, @) = gms (?T(kl,h)b(mg)exp (== i (ks + ko)) dhy dy (3.1)
Here T (k, k) has the form (2.2), and the integral is here absolutely convergent (b= S (R¥).
The representation (3.1) shows that T is a pseudo-differential operator with the symbol
T (B, bp) /77
We obtain ancther formula for the regular representation of the operator T in functions
from § {R? by using the relationships (2.7}

Toy(x) =§T (¢ —2) b {2y — b (D)lde’ (3.2)

Here the integral is evaluated over the whole plane £, where continuous differentiability
and boundedness of b {x) in Q for any z& Q are sufficient for its existence.

Now, let us turn to the case when  is a smooth simply connected surface in R?, bounded
by the contour I', and & (z) & €= (). Let us note that the three-dimensional Fourier transform
of the function S (x), which generates the kernel 7T (z, ') of the operator T, has the form
(2.2) and is a homogeneous function of zero degree in #&. The pseudo-differential operator
with symbol § (k) allows the following regular representation in functions from & (R%) (D is
a known constant) /7/:

(SY) (x) =§S (z = 2'W (2)dx’ == {8 {z — W (&) + Dy (), ¢ (2) = S (R?) (3.3)

Let #;{z) be a sequence of functions from § {R®) that converges to &{() as i—»>oc .
We predefine n{z) and b{z) given on & in the whole space R®by using an arbitrary smoocth
continuation. Then the action of an operator T on any b {z) & € (@) can be determined by the
formula

(T?) (x) = —limn (@) {8 (z —2')n ()b (@")h; (2)dz', zQ (3.4)

where the integral over R? is understood in the sense of the regularization of (3.3).
Furthermore, taking account of (1.6) for 8 (z) and

------- and the Stokes theorem, we have the equal-
ity
S SN (2 — 2') my (27) dQ' == § rot,&ebv (x — gy dl)! (3.5)

where dIy is a vector clement of length on the contour T, whose orientation is matched to
the orientation of Q by the usual rule.
Using {3.4) and {3.5), we represent T }(

sing 2.2} ana

(Th) (z) = ——L}T n{x) S SE—aYn@) b @) —b{@)] k(@) d2 +n () fﬁ (e —a)dlb (), z=Q

2 e Ryp

he {z) = —rot M2 {x}
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Taking account of the regularization of (3.3) and passing to the limit as i-— >, we obtain
the final formula for the representation of the operator T by functions from (= (Q)

(T%g) ()= § 7% (a2 10 (&) — By (1Y + 1y () P (4 — )Tyt ), 2= © (3.6)

Q T

Here the first integral in Q is understood in the Cauchy principal value sense, and exists
because of the existence of the integral in (3.2).

Let us note that it is sufficient for the existence of the integrals in (3.6) that the
function b (z) be continuously differentiable on @ and vanish on TI. By continuity, the
operator T is continued to an unbounded operator from H, (R) into H,, () and is a general-
ized pseudo-differential operator with a principal homogeneous symbol, a homogeneous function
of degree one.

The equation

=f(2), 2= Q
(To) (z) =1 (@), z& (3.7)
has the unique solution b& H:wl (Q) for fe Hyyy, (Q) where |8 | <<, is arbitrary. (The de-
finition of Sobolev—Slcbodetskii functional spaces H, (Q) and H,°(Q)is found in /7/). The
appropriate theorem is proved in /7/.

For a function f(z) infinitely differentiable in Q, the asymptotic of the solution of

(3.7) near a smooth boundary, the contour I', has the form /7/

bz =p@)Vr+ 0@ (3.8)

where r is the distance from the point z&= Q to z, =T along the normal to I', and P (z,) is
a function infinitely differentiable along I .

Now, we consider T as an operator in the Hilbert space L,(Q)= H,(RQ). We consider the
domain of definition T functions from the space (o (R) compact in L,(R) of finite infinitely
differentiable functions in £, whose carrier is concentrated in internal subdomains of Q.
It can be shown that T is a positive operator.

Let u, (z) be the displacement vector, and o,(z) the internal stress tensor in a medium
with dislocation moments of density n, (@)bg (#) (n= €™ (Q), b e C,™ (Q)) distributed on the surface

Q. It follows from (1.4) and (1.10) that (Tb) () is the value of the vector —n, (2)5,%P (x)
on Q.

Let Q+ denote the positive, and Q_ the negative side of the surface Q, whose selection

is determined by the orientation of the normal n. Let us consider the integral

()= S (1%Pbg) by d2 = — S net (2) 528 (z) ufy () dQ — S ng (2) 6% (z) ujp (8)dQ; nt=n, nT=—n
+3 o, "
where it is taken into account that b (z) = y?* (1) — u~ (2).
Let us apply the Ostrogradskii formula to the right side. Taking into account that
divoy (z) = 0, we obtain

1h)= S Vo (528 @) uyp ()] dz = S Erap (@) Moy (2)dz 2 01 e1,p (2) = Vipitypy (@) (3.9)
RA\Q RN\ R

Here we used the equality o2 = *, = which is valid outside @, the integral over RX\Q
converges since g (z) ~|z|™® at infinity, and the field e() is bounded in the neighborhood
of @ for beC™ () « The last ineguality in (3.9) is a consequence of the positive definit-
eness of the tensor (*fM

Therefore I (b) = (T, b)> 0, where equality is achieved only for &= 0. Therefore, T is
a positive operator which is moreover symmetric, as can be verified by using (1.10).

The property cbtained for the operator T permits the assertion that the solutionof (3.7)
yields the minimum of the functional

F )= S‘(T“Bbp) b, dQ — 2 s‘f“badQ
o 0
and, therefore, direct variational methods /9/ can be used for an approximate evaluation of
b (x) .

Remark on the numerical solution of (3.7). If the explicit expression for
the function T (z,z’) is known , then the scheme, examined in /5/, say, can be used
for the solution of (3.7). Let us partition the surface Q into N subdomains Q; . We approx-
imate the function & (z) within each subdomain @ by a linear combination of standard functions
with unknown coefficients. Substituting b (s) in such form into (3.7), we obtain a system of
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linear equations in the constant coefficients of the approximation.
In particular, if & (z) = const for 2« Q;, then the system to determine the vectors H (=
1,2,. .., N, the values of »(2) within €;, takes the form

N
S T%Pbg = 1* {3.10)
=1
where f = f(x) is the value of the right side of (3.7) at a nodal (interior} point gz, of the
domain ;, and the tensors 7i; are determined by the relationship

Ty g T (z;,z)dY
@y

For i=; the integrand has no singularities in Q;, and this integral can be evaluated
by any approximate method.

If {=j, the preceding formula becomes meaningless, and the regularization (3.6) should
be used to evaluate the elements Ty . Since b= const in §; the first term on the right in
{3.6) vanishes and

’.l‘?is = — ) 1y {5} muﬁz’wv (z,— z’)yal/

Ty

where T; is the boundary contour of the domain ©;, n=T;.

If the contour [I; lies entirely in one plane «;, then the relation (3.2) can be used
instead of the regularization (3.6). Then 7Ti is represented in the form of an absolutely con-
vergent integral

i

Ty — S' T (z,, 2y dY’

o3

where ©; is the part of the plane «; outside the contour T;. The formulas presented here
facilitate realization of the method of solution under consideration substantially. Tedious
schemes to evaluate the elements 7y were proposed in /5,10,11/, and examples of the sclution
of the system {3.10) are given there.

4. Tensorial stress intensity factor on the crack contour. Let us consider the
asymptotic of the stress field ¢ (z) outside the crack in the neighborhood of its edge I'. Let
Yir Yos Ys be local Cartesian coordinates at the point z,& T, where the yg axis is directed
along the limit normal to & at the point Zg, the y, axis is along the tangent to T, then
the y axis lies in the tangent plane to & at the point 1z, Taking account of the asymp-
totic (3.8), we have an asymptotic of the vector b in the neighborhood of iz,

b(y) =B (zy) VE + O (y'*)

Using (l.4), we write an expression for o at the point 2z = (— rcos 8, 0, —r sin 8), where r is
the spacing between the point 2z and the origin of the y; coordinate system, and 8 is the polar
angle in the plane (y,, ys)

T =00(2) + 5= § S(cosh+ ke sind+ L) X n(HB) VEAG+OWD, B=ry (4.1)
O{r)

It is taken intoc account here that § (z)is homogeneocus, of degree -3, an even function. It
can be shown that as r— 0 the integral tends to a finite limit, and the stresses therefore
have the singularity rY.

Let us consider the tensor function J (8, z;) (the tensorial stress intensity factor),
which is of interest for applications and is defined by the relationship

J (8, 2o) = limVro (z), r —0
It follows from (4.1) that

6 () === J (8, ) + O (1)

¥r
and the components of the tensor J have the form
JoB (B, ;) = s (8) my, {z0) By (o) 4.2)

s@=§VEdt § 5(cos0 + 1, b, sin6) dts @.3)



268 S.K. Kanaun

where n{z,) is the limit value of the normal to @ at the point z,=T.

It is hence seen that the function J (8, z;) is representable in the form of two factors,
the first of which s(@)n{z) is independent of the shape of the surface & and the external
field applied to the medium, and is determined by the local orientation of the axes y, Yo Us
at the point 3 & I'. The second factor, the vector B{z), is a functional of the whole sur-
face @ and the external field o, ().

The function J (8, z;) allows of graphical interpretation if it is taken into account that

o

[ 8@ 2o &)ty

—_

is substantially an analog of the tensor § () in the plane problem of deformation and com-
plex shear (in the dimensionless coordinates E) of a homogeneous medium with the moduli
cofhp where the normal to the plane of deformation (E;, Ey) is directed along the §, axis.
The tensor J {8, z,) here agrees with the stress tensor at the point §; = —co0s 8, f; — —sin 8,
when a jump in the displacement vector which varies according to the law ﬁ(xa}/z; is given
along the positive §; semi-axis.

Let us note that the tensor S {r) is expressed for the plane case in terms of the Green's
function G {(z) of the plane problem by means of formulas analogous to (1.5) and {(1.7).

In the plane case, the explicit expression is known for the function G (2} for arbitrary
anisotropy of the tensor of the elastic constants, hence, construction of a tensor s({8) of
the form (4.3) reduces to evaluation of the standard integrals, and its expression can also
be found explicitly.

The tensor J can be represented in the form of the sum of three tensors corresponding
to three components of the vector P (zp) in the axes y,, Vs ¥s

J =T, + Ty + Jg J#B (8, zo) = %M (B)m, ()P (o) (4,4)
(no summation over il).

The tensors s%BM (8) and %% () are found from the solution of the corresponding plane
problem, and s*B* {8) from the solution of the antiplane problem {(complex shear).

Let us note that the asymptotic of the stress field in the neighborhood of a crack edge
is usually characterized by the stress intensity factors Ky Kyps Koy in the theory of
elasticity and fracture mechanics (see /12/, for instance}. By using the definition of these
coefficients, it can be shown that their relation to the tensor components Ji (§,z) is given
by — — —

Ky (zo} = V 205™ (0, z0), Ky {z0) = VIna® (0, 20}, Kypy (20} =V 27 (0, o)
From here and (4.4) it follows that to the accuracy of constant factors dependent on the
elastic constants, the stress intensity factors agree with the components of the vector B (w).
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